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Abstrat
The Stern-Gerlah experiment is the fundamental experiment in order to exhibit the quantization
of spin and understand the measurement problem in quantum mehanis. However, although the
Stern-Gerlah experiment plays an essential role in the teahing of quantum mehanis, no omplete
analysis of this experiment using Pauli spinors is presented in the pedagogial literature. This paper
presents suh an analysis and develops impliations for the theory of quantum measurement.
We rst propose an analyti expression of both the wave funtion and the probability density in
the Stern-Gerlah experiment. Our expliit solution is obtained via a omplete integration of the
Pauli equation over time and spae. The probability density evolution desribes a slipping of the
wave paket into two separate pakets due to the measurement devie, but it annot aount for
impats.
We therefore alulate the de Broglie-Bohm trajetories, whih not only explain impats naturally,
but also aounts for the spin quantization following the magneti eld gradient. It is then possible
to propose a lear explanation of measurement eets in the Stern-Gerlah experiment.
1
I. INTRODUCTION
As they were studying the deviation of a silver atoms beam in a highly inhomogeneous
magneti eld (f. FIG. 1) Stern and Gerlah (1922)
1
found empirial results whih hal-
lenged ommon sense predition. Instead of being sattered, the beam split into two symetri
beams, whih produed two spots of equal intensity on a sreen, at equal distanes from the
axis of the original beam.
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FIG. 1: Shemati onguration of the Stern-Gerlah experiment.
This experiment motivated the introdution of spin quantization as an intrinsi magneti
moment. It also learly exhibits the measurement problem in quantum mehanis, whih
remains an ative eld of study.
2,3,4
This paper brings new elements, suh as the analyti expression of the wave funtion and
the probability density in the Stern-Gerlah experiment. The expliit solution is obtained
via a omplete integration of the Pauli equation over time and spae. As far as we know, the
analyti presentation of the Stern-Gerlah experiment in text-books
5
is only given in time,
not in spae. The rst expliit alulation in spae and time of Stern-Gerlah experiment
was given by Dewdney et al
6
, but it remains inomplete, as is also inomplete their expliit
solution in spae and time of the Dira equation.
7
Reent presentations in spae and time
are only given with numerial simulations.
8
The analyti solution presented here gives an expliit expression of the probability den-
sity's evolution in spae, explaining the semi-lassial presentation and showing the wave
funtion separation. However, this ontinuous evolution in spae of the wave paket into
two wave pakets does not aount for the partile impats. We therefore also alulate
2
the de Broglie-Bohm trajetories
9
as we formerly did in the ase of Young's double slit
experiment.
10
These trajetories not only provide a natural explanation for the impat of
partiles, but also desribe the spin quantization along the z-axis. It is then possible to
propose a lear explanation of measurement in the Stern-Gerlah experiment.
The expliit solution in terms of Pauli spinors and the evolution of the probability density
for the Stern-Gerlah experiment are presented in setion 2. The de Broglie-Bohm traje-
tories, as dened by the interpretation of the Pauli equation by Bohm
11
and Takabayasi,
12
are simulated in setion 3. Details of the alulations are provided in Appendix A.
II. THE PROBABILITY DENSITY CALCULATION IN THE STERN-GERLACH
EXPERIMENT
Silver atoms ontained in the oven E (Fig. 1) are heated to a high temperature and esape
through a narrow opening. A seond aperture, T, selets those atoms whose veloity, v0,
is parallel to the y-axis. The atomi beam rosses the gap of the eletromagnet A1 before
ondensing on the sreen, P1 . The magneti moments of the silver atoms before rossing the
eletromagnet are oriented randomly (isotropially). In the beam, we represent the atoms
by their wave funtion ; one an suppose that at the entrane to the eletromagnet, A1, and
at the initial time t = 0, eah atom prepared an be desribed by a Gaussian spinor in x
and z:
Ψ0(x, z) = (2piσ20)
− 1
2 e
−
(z2+x2)
4σ2
0
(
cos θ0
2
ei
ϕ0
2
i sin θ0
2
e−i
ϕ0
2
)
. (1)
The variable y will be treated in a lassial way with y = vt. For a silver atom, one has
m = 1.8× 10−25 kg, v0 = 500 m/s(with T=1000
◦
K), σ0=10
−4
m.
In (1), θ0 and ϕ0 are the polar angles haraterizing the initial orientation of the mag-
neti moment, θ0 orresponds to the angle with the z-axis. This initial orientation being
randomized, one an suppose that θ0 is drawn in a uniform way from [0, pi] and that ϕ0 is
drawn in a uniform way from [0, 2pi]. In this way, we give a model of a mixture of pure
states.
The evolution of the spinor Ψ =
(
ψ+
ψ−
)
in a magneti eld B is then given by the Pauli
3
equation
13
:
i~

 ∂ψ+∂t
∂ψ−
∂t

 = − ~2
2m
∇2

 ψ+
ψ−

+ µBBσ

 ψ+
ψ−


(2)
where µB =
e~
2me
is the Bohr magneton and where σ = (σx, σy, σz) orresponds to the three
Pauli matries.
The partile rst enters an eletromagneti eld B direted along the z-axis, Bx = B
′
0x,
By = 0, Bz = B0 − B
′
0z, with B0 = 5 Tesla and B
′
0 =
∣∣∂B
∂z
∣∣ = 103 Tesla/m over a length
∆l = 1 cm. Suh a vetor B satises Maxwell's equations, sine div(B) = 0.
One it leaves the magneti eld, the partile travels freely until it reahes the sreen,
P1, plaed a distane D = 20 cm beyond the magnet.
A. The Probability Density in the Magneti Field
The partile stays within the magneti eld for a time ∆t = ∆l
v
= 2× 10−5s. During this
time [0,∆t], the spinor is (see Appendix A)
Ψ(x, z, t) =

 R+eiS+~
R−e
i
S
−
~

 ≃

 cos
θ0
2
(2piσ20)
− 1
2 e
−
(z−
µBB
′
0
2m t
2)2+x2
4σ2
0 ei
µBB
′
0tz−
µ20B
′2
0
6m t
3+µBB0t+
~ϕ0
2
~
i sin θ0
2
(2piσ20)
− 1
2 e
−
(z+
µBB
′
0
2m t
2)2+x2
4σ20 ei
−µBB
′
0tz−
µ20B
′2
0
6m t
3
−µBB0t−
~ϕ0
2
~


(3)
Sine the initial spinor diretion is random, the atomi density, ρ(z, t) is found by in-
tegrating R2+ + R
2
− on (θ0, ϕ0) and x (notie that R
2
+ + R
2
− is independent of ϕ0). So one
gets:
ρ(z, t) = (2piσ20)
− 1
2
1
2

e− (z−
µBB
′
0
2m t
2)2
2σ2
0 + e
−
(z+
µBB
′
0
2m t
2)2
2σ2
0

 . (4)
B. The Probability Density after the Magneti Field
After the magneti eld, at time t+∆t (t ≥ 0), the spinor beomes (see Appendix A)
Ψ(x, z, t +∆t) =

 R+eiS+~
R−e
i
S
−
~

 ≃

 cos θ02 (2piσ20)−
1
2 e
−
(z−z∆−ut)
2+x2
4σ20 ei
muz+~ϕ+
~
i sin θ0
2
(2piσ20)
− 1
2 e
−
(z+z∆+ut)
2+x2
4σ2
0 ei
−muz+~ϕ
−
~

 (5)
4
where
z∆ =
µBB
′
0(∆t)
2
2m
= 10−5m, u =
µBB
′
0(∆t)
m
= 1m/s. (6)
One an dedue (as previously) the atom density ρ at (z,t +∆t):
ρ(z, t +∆t) = (2piσ20)
− 1
2
1
2
(
e
−
(z−z∆−ut)
2
2σ2
0 + e
−
(z+z∆+ut)
2
2σ2
0
)
. (7)
Figure 2 shows the probability density of the silver atoms as a funtion of z at several
values of t ( the plots are labelled with y = vt). The beam separation does not appear at
the end of the magneti eld (1 m), but 10 m further along.
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FIG. 2: Evolution of the probability density of silver atoms.
In equations (4) and (7) one reognizes lassial trajetories:
z± = {±
µBB
′
0t
2
m
for t ∈ [0,∆t];±z∆ ± ut for ∆t + t(t ≥ 0)} (8)
orresponding to partiles with magneti moments of µz = µB and µz = −µB respetively.
The trajetories are paraboli inside the magneti eld and linear after. The two spots N+
and N− beome separated when z+ − z− ' 4σ0, whih ours at the separation time
ts ≃
3σ0
u
=
3σ0mv
µBB′0∆l
=
6σ0mmev
e~B′0∆l
= 3× 10−4s. (9)
Statistially, everything happens as if the atom's moment were quantied in two parts:
one half of the partiles having µz = µB and the other half having µz = −µB. This re-
sult explains why the semi-lassial desription of this Stern-Gerlah experiment is usu-
ally used. This semi-lassial desription starts from the quantization of spin and de-
dues from Ehrenfest's Theorem the average trajetories of the spinors with initial spinors
Ψ0+ = (2piσ
2
0)
− 1
2 e
−
(z2+x2)
4σ2
0
(
1
0
)
and Ψ0− = (2piσ
2
0)
− 1
2 e
−
(z2+x2)
4σ2
0
(
0
1
)
respetively. Note that this is
a statistial interpretation, and the individuality of the atoms represented by the angles
5
θ0 and ϕ0 is lost. However experimentally, one does not observe diretly the wave fun-
tion, but individual impats of the silver atoms on the P1 sreen. The usual explanation of
these individual impats on the sreen is deoherene,
3,4
aused by the interation with the
measurement devie. Here, the evolution of the probability density given by equations (4)
and (7) orretly desribes a separation of the wave paket into two pakets thanks to the
measurement devie, but annot desribe the individual positions of these impats.
III. IMPACTS AND QUANTIZATION EXPLAINED BY TRAJECTORIES
To explain individual impats, we simulate the silver atom trajetories in the de Broglie-
Bohm interpretation just as we did
10
for the neon atoms in the Young's double slit ex-
periment. In this unusual presentation of the Quantum Mehanis results, the partile is
represented not only by its wave funtion, but also by the position of its enter-of-mass.
Indeed at the rst instant, the wave funtion Ψ0(x, z) gives the initial probability density
Ψ0(x, z). This density, whih doesn't depend on ~, is the lassi presene density of a silver
atom. So in lassi mehanis, one does have an undetermination on the atom position, and
in order to desribe its evolution, it is neessary to preise its initial position. The priniple
of the De Broglie-Bohm interpretation is to do the same in quantum mehanis.
So, in the Pauli equation ase (2), atoms have trajetories that are dened by using the
enter-of-mass veloity v(x, y, z, t) given11,12 by :
v =
~
2mρ
Im(Ψ†∇Ψ) +
~
2mρ
rot(Ψ†σΨ) (10)
where Ψ† = [ψ∗+, ψ
∗
−].
Let us show how this interpretation gives the same results as the Copenhagen shool.
One veries
11,12
that with v given by (10), the probability density ρ(x, y, z, t) = Ψ†Ψ =
|Ψ(x, y, z, t)|2 of the Ψ spinor solution of the Pauli equation (2) satises the Madelung
ontinuity equation:
∂ρ
∂t
+ div(ρv) = 0.
One an dedue from it, that if a partile family with the initial probability density ρ0(x, y, z)
follows the de Broglie-Bohm trajetories, its probability density at the t time, will be
ρ(x, y, z, t).
6
Thus, these two interpretations give statistially idential results, but the de Broglie-
Bohm interpretation predits the position of individual impats as well. We shall see that
these trajetories also explain the spin quantization following the magneti eld gradient.
In equation (10), the last term
~
2mρ
rot(Ψ†σΨ) orresponds to the Gordon urrent. Its
ontribution to veloity is here negligible. We will therefore not take it into aount from
now.
In the de Broglie-Bohm interpretation, the individual partile is not only desribed by
its wave funtion, but by its initial position (x0, z0, y0 = 0) as well. So, trajetories in x and
z are given by the dierential equations:
dx
dt
=
1
2m
∂(S+ + S−)
∂x
+
1
2m
∂(S+ − S−)
∂x
cos θ (11)
dz
dt
=
1
2m
∂(S+ + S−)
∂z
+
1
2m
∂(S+ − S−)
∂z
cos θ (12)
with tan θ
2
= R−
R+
.
A silver atom with a polarization (θ0,ϕ0) and a position z0 at the entrane of the eletro-
magnet A1 will satisfy the dierential equation in the [0,∆t] period:
dz
dt
=
µBB
′
0t
m
cosθ(z, t) with tan
θ(z, t)
2
= tan
θ0
2
e
−
µBB
′
0t
2z
2mσ2
0
(13)
and for the ∆t+ t (t ≥ 0) period:
dz
dt
= u
tanh( (z∆+ut)z
σ20
) + cos θ0
1 + tanh( (z∆+ut)z
σ20
) cos θ0
and tan
θ(z, t)
2
= tan
θ0
2
e
−
(z∆+ut)z
σ2
0 . (14)
Figure 3 presents a plot in the x,y plane of a set of 10 silver atom trajetories with the
initial polarization (θ0 =
pi
3
, ϕ0 = 0) and whose initial position z0 has been randomly hosen
from a Gaussian distribution with standard deviation σ0. The spin orientations θ(z, t) are
represented by arrows.
Figure 3 presents, for a silver atom with the initial polarization (θ0 =
pi
3
, ϕ0 = 0), a plot
in the x,y plane of a set of 10 trajetories whose initial position z0 has been randomly hosen
from a Gaussian distribution with standard deviation σ0. The spin orientations θ(z, t) are
represented by arrows.
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FIG. 3: Ten silver atom trajetories with initial polarization (θ0 =
pi
3 ) and initial position z0;
Arrows represent the spin orientation θ(z, t) along the trajetories.
One an notie that the nal orientation, obtained after the separation time ts, will
depend on the initial partile position z0 in the wave paket and on the initial angle θ0 of
the atom magneti moment with the axis z.
We obtain +pi
2
if z0 > z
θ0
and −pi
2
if z0 < z
θ0
with
zθ0 = σ0F
−1(sin2
θ0
2
) (15)
where F is the umulative distribution funtion of the standard normal distribution.
So besides explaining the position of impats, this simulation shows that it is possible to
give a simple interpretation of quantization on z-axis.
Figure 4 presents a plot in the x,y plane of a set of 10 silver atom trajetories whose
initial harateristis (θ0, ϕ0, z0) have been randomly hosen: θ0 and ϕ0 from an uniform
distribution and z0 from a Gaussian distribution with standard deviation σ0. The spin
orientations θ(z, t) are represented by arrows.
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FIG. 4: 10 silver atom trajetories after the eletro-magnet; Arrows represent the spin orientation
θ(z, t) along the trajetories.
IV. CONCLUSION
It is now possible to propose the following interpretation of measurement in quantum
mehanis. There ertainly exists an interation with the measuring apparatus as it is
lassially explained, and there exists a minimum delay neessary for the measurement
ts =
3σ0
u
. Yet we believe that this measurement and this delay do not have the meanings
that are lassially attributed to them. In the present ase, the measuring apparatus itself
gives the orientation of the spin either in the diretion of eld, or in the diretion opposite to
the eld, depending on the position of the partile in the wave paket. The measuring delay
is then the time whih is neessary for the partile to point its spin to the nal diretion.
Let us notie that in this numerial study of the Stern-Gerlah experiment we didn't
need any of the lassial postulates of measurement in quantum mehanis, suh as eigen-
values of the Hamiltonian or wave paket redution. These two postulates may aount for
experimental results, but they do not give any idea of the transitions that lead to these
results. Instead we only used the quantum mehanis equations (Pauli equation) and made
only one hypothesis : the enters of mass of the atoms in the atomi beam are spaially
9
distributed aording to the density given by the wave funtion, and follow paths that are
ompatible with the ontinuity equation (De Broglie-Bohm hypothesis). From this one and
only hypothesis, we provided altogether:
- a simple explanation of the position of the partile impats;
- a simple explanation of the spin quantization along the measurement axis ;
- an simple explanation of the transition towards the Hamiltonian eigenvalues.
APPENDIX A: CALCULATING THE SPINOR OF THE STERN-GERLACH EX-
PERIMENT
In the magneti eld B = (Bx, 0, Bz), the Pauli equation (2) gives oupled Shrödinger
equations for eah spinor omponent
i~
∂ψ±
∂t
(x, z, t) = −
~
2
2m
∇2ψ±(x, z, t)± µB(B0 − B
′
0z)ψ±(x, z, t)∓ iµBB
′
0xψ∓(x, z, t). (A1)
If one eets the transformation
13
ψ±(x, z, t) = exp(±
iµBB0t
~
)ψ±(x, z, t)
equation (A1) beomes
i~
∂ψ±
∂t
(x, z, t) = −
~
2
2m
∇2ψ±(x, z, t)∓µBB
′
0zψ±(x, z, t)∓ iµBB
′
0xψ∓(x, z, t) exp(±i
2µBB0t
~
)
The oupling term osillates rapidly with frequeny ω = 2µBB0
~
= 1, 4 × 1011s−1. Sine
|B0| ≫ |B
′
0z| and |B0| ≫ |B
′
0x|, the period of osillation is short ompared to the motion of
the paket along its trajetory. Avering over a period that is long ompared to the period
of osillation, auses the oupling term to vanish, yielding
13
i~
∂ψ±
∂t
(x, z, t) = −
~
2
2m
∇2ψ±(x, z, t)∓ µBB
′
0zψ±(x, z, t).
The initial wave funtion ψ
0
±(x, z) = ψ
0
±(x, z) = ψ
0
x(x)ψ
0
±(z) with ψ
0
x(x) = (2piσ
2
0)
− 1
4 e
− x
2
4σ20
,
ψ0+(z) = (2piσ
2
0)
− 1
4 e
− z
2
4σ2
0 cos θ0
2
ei
ϕ0
2
and ψ0−(z) = (2piσ
2
0)
− 1
2 e
− z
2
4σ2
0 i sin θ0
2
e−i
ϕ0
2
allows a separa-
tion of variables x and z. Then we an ompute expliitly the preeding equations for all t
in [0,∆t] with ∆t = ∆l
v
= 2× 105s.
10
We obtain: ψ±(x, z, t) = ψx(x, t)ψ±(z, t) with
ψx(x, t) = (2piσ
2
t )
− 1
4 e
− x
2
4σ2
t exp
i
~
[−
~
2
tan−1(
~t
2mσ20
) +
x2~2t2
8mσ20σ
2
t
] (A2)
ψ+(z, t) = ψK(z, t) cos
θ0
2
ei
ϕ0
2 and K = −µBB
′
0
ψ−(z, t) = ψK(z, t)i sin
θ0
2
e−i
ϕ0
2 and K = +µBB
′
0
σ2t = σ
2
0 +
(
~t
2mσ0
)2
and
ψK(z, t) = (2piσ
2
t )
− 1
4 e
−
(z+Kt
2
2m )
2
4σ2
t exp
i
~
[−
~
2
tan−1(
~t
2mσ20
)−Ktz −
K2t3
6m
+
(z + Kt
2
2m
)2~2t2
8mσ20σ
2
t
].
(A3)
Equations (A2) and (A3) are lassial results.
14
The experimental onditions give
~∆t
2mσ0
= 4 × 10−11 m ≪ σ0 = 10
−4 m. We dedue the
approximations σt ≃ σ0, ψx(x, t) ≃ ψ
0
x(x) = (2piσ
2
0)
− 1
4 e
− x
2
4σ20
and
ψK(z, t) ≃ (2piσ
2
0)
− 1
4 e
−
(z+Kt
2
2m )
2
4σ20 exp
i
~
[−Ktz −
K2t3
6m
]. (A4)
At the end of the magneti eld, at time ∆t, the spinor equals to
Ψ(x, z,∆t) = ψx(x,∆t)

 ψ+(z,∆t)
ψ−(z,∆t)


(A5)
with
ψ+(z,∆t) = (2piσ
2
0)
− 1
4 e
−
(z−z∆)
2
4σ20
+ i
~
muz
cos
θ0
2
eiϕ+
ψ−(z,∆t) = (2piσ
2
0)
− 1
4 e
−
(z+z∆)
2
4σ2
0
− i
~
muz
i sin
θ0
2
eiϕ−
z∆ =
µBB
′
0(∆t)
2
2m
, u =
µ0B
′
0(∆t)
m
and
ϕ+ =
ϕ0
2
−
µBB0∆t
~
−
K2(∆t)3
6m~
; ϕ− = −
ϕ0
2
+
µ0B0∆t
~
−
K2(∆t)3
6m~
.
We remark that the rossing through the magneti eld gives the equivalent of a veloity
+u in the diretion 0z to the funtion ψ+ and a veloity −u to the funtion ψ−. Then
11
we have a free partile with the initial wave funtion (A5). The Pauli equation resolution
gives again ψ±(x, z, t) = ψx(x, t)ψ±(z, t) and with the experimental onditions we have
ψx(x, t) ≃ (2piσ
2
0)
− 1
4 e
− x
2
4σ20
and
ψ+(z, t +∆t) ≃ (2piσ
2
0)
− 1
4 e
−
(z−z∆−ut)
2
4σ2
0
+ i
~
(muz− 1
2
mu2t+~ϕ+)
cos
θ0
2
ψ−(z, t +∆t) ≃ (2piσ
2
0)
− 1
4 e
−
(z+z∆+ut)
2
4σ2
0
+ i
~
(−muz− 1
2
mu2t+~ϕ−)
i sin
θ0
2
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